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Abstract. It is an attractive approach to predict ﬂow and in based on direct investigations of their
structure. The most crucial property is the of the structure because it is difﬁcult to measure. This
is true both at the pore scale, which may be represented as a binary structure, and at a larger scale
deﬁned by continuous macroscopic state variables as phase density or . At the pore scale a function
is introduced which is deﬁned by the as a function of the pore diameter. This function is used to
generate of the porous structure that allow to predict bulk hydraulic properties of the material. At
the continuum scale the structure is represented on a grey scale representing the porosity of the
material with a given resolution. Here, topology is quantiﬁed by a connectivity function deﬁned by
the Euler characteristic as a function of a porosity threshold. Results are presented for the structure
of natural soils measured by . The signiﬁcance of topology at the continuum scale is demonstrated
through numerical simulations. It is found that the effective permeabilities of two heterogeneous
having the same auto-covariance but different topology differ considerably.

1 Introduction
Flow and transport within porous media are governed by their porous structure. This
is true at a small scale of single pores but also at a larger scale where the structure of
continuous ﬁelds of hydraulic properties such as the hydraulic permeability becomes
relevant. It is an old scientiﬁc challenge to predict the behavior of porous media from
some structural properties which are directly observable so that no expensive experiments
are required.
Nowadays, more and more techniques are available to directly investigate the structure of porous media. Especially X-ray tomography has become an attractive technique
capable to detect pore structure with high resolution of some 0.01mm [21] which is also
presented by Arns et al. [2] in this volume. At a larger scale the structure of density or
porosity at resolutions of some 1.0 mm can be measured by X-ray tomography [39].
Nanotomography as a 3D-image tool by scanning microscopy is presented in this volume by Magerle [22]. In this paper, soil as one of the most complex porous media is
considered.
To bridge the gap between structure and function the quantiﬁcation of relevant structural properties is required. At the pore scale, the size distribution of pores is important
while at the larger continuum scale the pore-scale effects may be smeared out and the autocorrelation of permeabilities may play a crucial role. Besides these metric properties,
also the topology of the structure is highly relevant for any kind of transport, meaning the
way the structural units are interconnected in space. This was demonstrated at the porescale [20, 43] and at the continuum scale for the permeability ﬁeld of an aquifer [45].
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Moreover, the shape of structural units may be quantiﬁed using Minkowski functionals,
see [2, 3] in this volume. An overview on quantitative methods for the characterization
of porous media can be found in the precurser to this volume [26].
The focus of this contribution is on topology where quantitative information is still
hard to get. This is because a topological description of a three dimensional structure
requires information at a resolution corresponding to the size of the structural units,
e.g. pores, in all three dimensions. There are no stereological methods to infer 3D topological characteristics from two dimensional sections. Hence, measurements of connectivity typically requires a complete three dimensional analysis of the structure or at least
a representative elementary volume (REV). This can be achieved for simple isotropic
media as sandstones where a few cubic millimeters may be sufﬁcient to fully characterize the porous structure. Here, local percolation probabilities [15] can successfully
applied to characterize topology. In more heterogeneous porous media where the structural units are extremely anisotropic, e.g. root channels, cracks and earthworm borrows in
, a representative three dimensional sample is extremely expensive and most topological
measures are afﬂicted with unacceptable uncertainties at the edges.
In this paper connectivity functions for the pore scale and for continuous ﬁelds are
introduced which are based on the Euler characteristic. An important advantage of this
approach is the fact that an unbiased estimation of the Euler characteristic is possible
from local measurements, meaning there are no edge effects and the shape of the required
three dimensional sample is irrelevant.
The paper is organized as follows. In the ﬁrst section the connectivity function for
binary pore structures is deﬁned as the Euler characteristic as a function of the pore size.
In the second part it is demonstrated how to adapt a pore network model to a given and
connectivity function. Numerical simulations of effective hydraulic properties based
on network models are compared to direct experimental ﬁndings to demonstrate the
effect of topology. In the third section the same concept is applied to continuum ﬁelds,
where the connectivity function is deﬁned as the Euler characteristic in dependency of the
threshold applied to the continuous ﬁeld. This approach is demonstrated for the structure
of porosity in a Loess soil measured by X-ray tomography. Finally, the signiﬁcance of
topology is demonstrated for water ﬂow in random permeability ﬁelds having the same
but different topology.

2 Pore Scale Topology
Besides the porosity and the size distribution of pores, the topology of the pore space is
a crucial property regarding ﬂow and transport in porous media. The way how pores are
interconnected may be even more important than their number and size.
The basic topological properties are the number N of isolated objects, i.e. pores, and
the number of redundant connections C within the pores space, and, in three dimensions,
the number of completely enclosed cavities H [14]. For a detailed discussion of these
measures see the contribution of Robins [34] in this volume. The Euler characteristic χ
combines the basic topological measures to
χ=N −C +H .

(1)
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Hence, the Euler characteristic is a measure of connectivity which gives positive values
for poorly connected structures where N > C and negative values for more connected
structures where N < C. For the topology of a network of pores in natural porous media,
the quantity H is of minor importance since solid particles completely surrounded by
pores are rare. An essential advantage for the measurement of χ is the fact that an
unbiased estimation of χ is possible for a 3D cutout of the porous media. Thereby, the
basic quantities N , C and H are not counted explicitely but the Euler characteristic may
be deduced from the local geometry of the structure [38, 8]. This is demonstrated for the
application to digitized images in the contribution of Ohser et al. [27] in this volume.
The corresponding algorithms for binary digitized images are straightforward [28,
40]. Consequently, we may obtain χ from two parallel serial sections as a minimum
three dimensional sample also referred to as disector [38, 8].
This is of practical importance in such media where a full three dimensional representation is hard to get and this is rather the rule than the exception. The complete
structure or a representative elementary volume in terms of topology is typically not
available. In most cases we are restricted to some small subsamples for which the possible determination of N , C and H would be unacceptable due to the uncertainty at the
edges of the investigated cutout. To estimate the Euler characteristic, however, a small
stack of serial sections may be sufﬁcient. This was demonstrated for the pore structure
of a soil [41]. Thereby, the number of serial sections can be reduced to the beneﬁt of the
size of the individual sections in order to sample the structure more representatively and
thus, to arrive at a more reliable estimation of χ [44]. This aspect is illustrated in Fig. 1.
Another approach towards the quantiﬁcation of topology in porous media is the
measure of percolation probabilities denoting the probability to ﬁnd a continuous path
through a sample of a given size. Percolation probabilities can be evaluated as a function
of sample size and porosity. This leads to connectivity functions [16, 17] which may be
related to effective properties of the material [46]. However, a prerequisite of this approach is the knowledge of the complete structure or at least a representative subsample.
Hence, the same problems as for the determination of N , C and H are encountered.
For isotropic structures as e.g. sandstone, however, percolation probabilities provide the
topological information required [18].
In the following, a connectivity function is introduced which is based on the Euler
characteristic χ and can thus be determined from local measurements using a small stack
of serial sections. Figure 1 shows an example of the heterogeneous structure of pores in
a silty clay soil. For a detailed description of this material and the sampling technique
see [41].
Topological characteristics of porous media depend on the spatial resolution of the
available data. This is true if pores exist which are in the size range of the resolution
or smaller. Then, the connectivity of the porous structure is expected to change with
resolution because more connections or more isolated features appear.
The idea of the connectivity function proposed here is to measure the Euler characteristic as a function of pore size. Starting with the largest pores, which may be isolated
and not connected, the smaller pores are successively added which change the topology
in a characteristic way, e.g. in soil we expect an increase of connectivity. This kind of
connectivity function yields an integral description of the overall topology and should
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Fig. 1. One of 20 serial sections through undisturbed silty clay soil used to determine the Euler
characteristic. Natural width is 20 mm, resolution is 0.013 mm/pixel, separation of serial sections
is 0.4 mm, pores are black. The square in the lower left corner represents the size of a cube having
the same volume as a pair of serial sections.

reﬂect the hydraulic behavior of the material because it contains information on the way
how pores of different size are interconnected.
As a prerequisite, a criteria of pore size is required. Morphological granulometry
[37] provides an excellent tool to ﬁlter pores which are smaller than a given threshold. It
is based on morphological erosions and dilations using a spherical structuring element.
Based on a binary three dimensional sample S including the subset of pores P ⊂ S, the
eroded set Perod is obtained as
Perod = {x : Bdx ⊂ P} = P  Bd

(2)

where Bdx is the sphere with diameter d centered at point x. Consequently Perod describes
the set of all locations within P where the structuring element ﬁts completely into the
pore space. The morphological dilation is deﬁned as
Pdil = {x : Bdx ∩ P = ∅} = P ⊕ Bd

(3)

The morphological opening combines and :
Pop = (P  Bd ) ⊕ Bd

(4)

which removes all pores smaller than the structuring element Bd . Starting with a three
dimensional image recorded at a given resolution λ, the application of n structuring
elements Bd with increasing diameter d = nλ produces realizations Pop (d) of the
porous structure where only pores > d are considered. Hence, a cumulative pore size
distribution can be deﬁned as
F (d) = Φ(Pop (d))

(5)
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Fig. 2. Simulated pore structures from excursion sets according to different thresholds t = 100
upper row and t = 120 lower row. From left to right: isosurfaces for pores Pop (d) with decreasing
minimum diameter d. The related connectivity functions are shown in Fig. 3.

where Φ() means ’porosity of’. The size criteria used here reﬂects almost perfectly
our idea of the ’hydraulic diameter’ of a pore. Now, the Euler characteristic χ can be
determined as a function of d by calculating χ for the different Pop (d) to obtain the
connectivity function χ(d). It should be noted that for the calculation of χ(d) a three
dimensional sample is required where all dimension exceed the maximum pore diameter
so that Pop (d) can be determined. Hence, a number of serial sections is required and a
disector is not sufﬁcient. Moreover it should be noted that the opened set Pop (d) may
include short necks that are smaller than the diameter of the structuring element. This
could be avoided by using Perod (d).
To demonstrate the behavior of χ(d) for a simple isotropic structure, a three dimensional porous media was modeled as an excursion set of a Gaussian random ﬁeld [30, 32].
The random ﬁeld was generated according to a predeﬁned auto-covariance function. It
was then segmented into pores and solid according to a given threshold t meaning all
values < t are considered to be pores. In Fig. 2 (right) the obtained porous structure is
illustrated as an isosurface according to two different thresholds t. Clearly, the structure
is more intensely connected for higher values of t.
The corresponding connectivity functions are shown in Fig. 3. Generally, the connectivity increases with decreasing pore size d and with increasing porosity. The latter is
controlled by the threshold t of the Gaussian random ﬁeld. For high porosities (t = 150)
connectivity decreases for small d because there are completely enclosed cavities H
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Fig. 3. Connectivity functions of excursion sets related to different threshold values t ∈
100, 110, 120, 130, 140, 150 (decreasing dash length) applied to the Gaussian random ﬁeld .
Thick lines are the results for t = 100 and t = 120 which are illustrated in Fig. 2.

within the pore space, see (1). In natural porous media, however, this behavior is not
expected, since solid clusters completely surrounded by pores are rare.

3 Pore Network Modeling
Network models are idealized representations of the complex pore geometry which
may be used to calculate effective hydraulic properties of porous media. This approach
was introduced by [9, 10, 11] and subsequently developed in the ﬁeld of petroleum
engineering [7, 6] but also in the ﬁeld of soil physics and hydrology [4, 5].
The calculation of effective permeabilities or the pressure-saturation relation of network models is straightforward. Hence network modeling is an efﬁcient tool to investigate the effect of geometrical aspects on the effective behavior of porous media
[20, 12, 13]. If network models are intended to provide predictions of hydraulic properties [47, 31], the geometry of the network has to be adopted to some relevant observables
of the porous structure. Thereby, topology is typically not considered explicitely, because
direct measurements are notorious difﬁcult.
However, the connectivity function χ(d) deﬁned in the previous section is a quantitative handle on topology. Using χ(d) together with the pore size distribution F (d) as
obtained from morphological openings, a network model may be generated which mimics the measured structure in terms of pore size and topology. The ﬁrst question is, how
to generate a network model that fulﬁlls a predeﬁned χ(d) and F (d)? And the second
crucial question is, to what extend does such a network model reproduce the hydraulic
behavior of the material which may be answered by comparing network simulations
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with direct experiments. This work was presented in detail by [42, 44] and is reviewed
here only brieﬂy.
The basic geometry of the network is a face-centered cubic grid with grid constant λ
and a coordination number Z = 12. The bonds represent cylindrical pores with radius r
while the nodes have no extra volume. To reach a given Euler characteristic and porosity
only a part of all available bonds Zeﬀ < Z is used while the residual bonds Z − Zeﬀ
are interpreted to represent ’background porosity’, i.e. small pores with diameter below
the resolution of the available data. As demonstrated in [42] the unknown parameters
λ and Zeﬀ can be directly calculated from the input functions χ(d) and F (d). Then,
the probability distribution of different classes of pore radii within the network can be
directly obtained from F (d).
The realization of χ(d), however, is more demanding. The Euler characteristic of a
network model is simply obtained by
χ = Nn − N b

(6)

where Nn is the number of nodes to which at least one bond is connected, and Nb the total
number of bonds; see also [23]. In order to realize a predeﬁned connectivity function
χ(d), we start with the generation of the largest pores. During the generation process the
actual Euler characteristic χact of the network is continously updated using (6). Prior to
attributing a radius d to a bond the difference between χ(d) and χact (d) is evaluated. If
it is negative only an isolated bond can be chosen, otherwise only bonds connected to
already existing pores are considered. In this way, a predeﬁned connectivity function is
realized. In Fig. 4, an example of such a network model including 83 nodes is shown.
To simulate hydraulic properties 643 nodes were used.
Once the network geometry is generated effective hydraulic properties can be simulated. First, the pressure-saturation relation θ(ψ) is computed describing the water
saturation θ in dependency of the capillary pressure ψ and second, the relative hydraulic
conductivity function Kr (ψ) describing the hydraulic conductivity relative to the conductivity at water saturation as a function of the capillary pressure ψ. To determine the
ﬂuid saturation for a given capillary pressure ψ each bond above a critical radius rc is
drained, provided that it is in contact with the non-wetting phase:
rc > 2σψ −1

(7)

This is in accordance with the Young-Laplace equation where σ is the surface tension
and complete wetting is assumed, i.e. the contact angle between water and solid is zero.
In Fig. 4 the distribution of the wetting and non-wetting phase at a certain capillary
pressure is illustrated.
To calculate the hydraulic conductivity at different water saturations we assume
Poiseuille ﬂow within the cylindrical bonds of the network. Given a pressure gradient
across the ends of the network, this leads to a system of linear equations which was
solved by a conjugate gradient method [29].
In Fig. 5 simulation results are compared to experimental ﬁndings in a silty clay soil,
for details see [42]. Considering the fact that the simulated results are only based on
directly measured morphological data, i.e. χ(d) and F (d), the agreement of the shape
of θ(ψ) and Kr (ψ) was found to be reasonably good. This means that the hydraulic
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Fig. 4. Example of a networkmodel of 83 nodes at a certain capillary pressure where some pores
are ﬁlled with water (grey) and others with air (black).

Fig. 5. Water characteristic θ(ψ) (left) and hydraulic conductivity function K(ψ) (right) obtained
from network models with random topology (light grey) and measured topology of a Loess soil
(dark grey). The shaded areas enclose the maximum and minimum values of 20 realizations. The
dashed line represents the experimental results obtained for the Loess soil. The capillary pressure
ψ is in hPa.

properties are mainly governed by the pore size distribution and topology and that the
quantitative approach to describe these properties is promising - at least for the material
investigated here.
The signiﬁcance of topology becomes evident in case the topological characteristics
are ignored for the network simulations (Fig. 5). Then, the pressure-saturation relation
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exhibits a marked air entry point at a critical capillary pressure which corresponds to
the percolation threshold of a random network. Accordingly, the shape of the relative
hydraulic conductivity function is changed.

4 Topology of Continuous Fields
At the pore scale it is evident that the topological characteristics of the pore space is
essential in terms of ﬂow and transport. But also at a larger scale, where individual pores
are no more visible, topology may play a crucial role regarding transport in porous media.
At this large scale the binary image of the pore structure disappears and is replaced by
ﬁelds of continuous variables as porosity or permeability. Obviously, the continuity and
connectivity of various conductive regions is signiﬁcant in terms of ﬂow and transport.
The effect of spatial variability is commonly studied through numerical models that
solve the governing equations for ﬂuid ﬂow and transport. Such models require an explicit
description of the spatial patterns of hydraulic properties which must be deduced from
some kind of observations or measurements.
One important aspect is the distribution function of hydraulic properties, as e.g. the
hydraulic permeability, which is often found to be lognormal. Another important measure
is the correlation scale of the heterogeneous ﬁeld which may be quantiﬁed by the autocovariance function. These quantities may be inferred from a set of point measurements
even in plane sections and can be used for the generation of continuous correlated random
ﬁelds [33, 36].
Thereby, however, the topological characteristic of the generated spatial pattern is
merely an implicit consequence of the generation process. For an explicit consideration
of topology, some quantitative criteria are required that address the connectivity of
continuous ﬁelds. However, the same problems as encountered at the pore scale are to
be solved: the requirement of continuous information on the spatial pattern at a spatial
resolution corresponding to the size of the structural units which are relevant. As an
example, the connectivity of a narrow tortuous band of high permeability cannot be
detected by a set of point measurements but requires a continuous map at a resolution
below the width of that band. This kind of structure is crucial for ﬂow and transport and
is rather the rule than the exception in natural porous media as fractured rocks, sediments
and soil. In isotropic media as sandstone however, such features typically do not exist.
Nowadays, there are techniques available which allow a continuous measurement of
the structure at high spatial resolution. For the analysis of porous media at a small scale
X-ray tomography has become a very efﬁcient tool [19, 35, 39, 21]. On a larger scale
different geophysical methods are available. In the following, a connectivity function
for continuous ﬁelds is introduced which is based on the same concepts as for binary
structures. It is demonstrated for the structure of a soil sample obtained from X-ray
tomography.
Figure 6 (left) shows a horizontal section through undisturbed soil obtained by a
medical X-ray tomograph. Basically, X-ray tomography measures the local X-ray absorption coefﬁcient µx which is related to the density of electrons. Hence, assuming
homogeneity of the solid phase, i.e. absorption coefﬁcient µs = const, and a homogeneous ﬂuid within the pore space characterized by the constant µw , the measured
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Fig. 6. 2D density image of a Loess soil (left, natural height 110 mm, resolution 0.44 mm) and a
Gaussian random ﬁeld (right) with equivalent grey level distribution and correlation length.

absorption at each location x is given by
µx = [1 − Φx ]µs + Φx µw .

(8)

Consequently, the porosity Φx at each location x can be obtained directly from measurements of µx and the image in Fig. 6 may be interpreted as a map of porosity Φ(x).
Moreover, for a given material, the porosity is expected to be closely related to permeability.
The classical approach of modeling this kind of structure is based on the distribution
function of Φ expressed by the cumulative density function (cdf) G(Φ) and the spatial
correlation. The latter is quantiﬁed by the auto-covariance function CΦ (h) which is
calculated as
Cg (h) = [Φ(x) − Φ(x) ][Φ(x + h) − Φ(x) ]
(9)
where denotes expectation. The measured structural properties G(Φ) and CΦ (h) are
shown in Fig. 7. From (9) the correlation length λ was obtained as
 ∞
1
CΦ (h)dh
(10)
λ= 2
σ 0
where σ 2 is the variance of Φ.
Following the classical approach, a Gaussian random ﬁeld f0 (x) was generated
[1, 33, 36]. Thereby , the same correlation length as measured in the X-ray image was
realized. Then, the resulting ﬁeld f0 (x) was transformed to f1 (x) so that the cumulative
density function F of the random ﬁeld matches the measured distribution G(Φ):
f1 (x) = G−1 [F (f0 (x))]

(11)

As a consequence of such a histogram matching, also referred to as ’nonlinear ﬁltering’
[30] the spatial correlation of f1 (x) is changed compared to f0 (x). Thus, the correlation
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Fig. 7. Density function of porosity G(Φ) (left) and auto-covariance CΦ (h) (right) for the natural
structure of soil (thin line) and the correlated random ﬁeld (dashed line) shown in Fig. 6.

length λ which was used to generate fx was altered iteratively so that λ of f1 (x) matches
that of g(x).
In this way the correlated random ﬁeld shown in Fig. 6 (right) was generated. As
shown in Fig. 7 the distribution function of the random ﬁeld is identical compared to the
original image while the correlation matches only in terms of the correlation length λ.
From a qualitative point of view, the modeling approach seems to be appropriate also
with respect to connectivity for this two dimensional example.
In order to quantitatively describe the topological characteristics of the continuous
ﬁelds, the Euler characteristic χ was calculated as a function of a threshold value t.
For each t we obtain a binary image (Fig. 9) and a corresponding Euler characteristic
which yields the connectivity function χ(t) for continuous ﬁelds. The results for the twodimensional examples of Fig. 6 are shown in Fig. 8 where the Euler numbers are plotted
relative to the maximum value. Clearly, the absolute values of χ(t) differ considerably
because of the smoothness of the random ﬁeld. However the shapes of the different
connectivity functions are rather similar. Starting from low values of t, χ(t) increases
which indicates a number of isolated dark islands, i.e. islands of high porosity (see also
Fig. 6). While increasing t further, the structure becomes more and more connected and
reaches high negative values which means a considerable number of loops or, from the
perspective of the background, a considerable number of isolated islands of low porosity.
This behavior is illustrated in Fig. 9 where the extreme values of χ(t) are represented
together with the case for χ(150) ≈ 0 which may be related to a percolation threshold
[24].
As already mentioned, the random ﬁeld resembles the original image quite well and
one would not expect considerable differences for effective hydraulic conductivity in
case the grey values of the two images in Fig. 6 are assumed to represent permeabilities.
However, we are looking at a two dimensional cut out from a three dimensional sample
and one could easily imagine that the 2D islands of high porosity are intensely connected
in three dimensions as could be expected from root holes or earthworm burrows in soil.
In Fig. 10 a three dimensional isosurface (t = 30) for the original X-ray image and a
3D Gaussian random ﬁeld is shown. Again, the correlation lengths and the distribution
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Fig. 8. 2D Connectivity functions of the porosity image (thin line) and the correlated random ﬁeld
(dashed line) shown in Fig. 6. The Euler numbers are plotted relative to the maximum values.

functions are the same for both structures. However the topology in 3D is considerably
different. In Gaussian random ﬁelds, the extreme values are always located on islands
while the highest porosities in the undisturbed soil are related to large pores which
typically originate from roots or earthworms and hence, are intensely connected.
In analogy to the two dimensional case discussed above, the 3D connectivity functions χ(t) was calculated for the two structures which came out to be considerably
different as well (Fig. 11). The results clearly conﬁrm the qualitative ﬁndings that the
random ﬁeld generates a large number of isolated objects of high porosity (t < 120)
while the natural structure is more connected. The same is true for the other extremity
of low porosity (t > 190) where the connectivity of low porosity is lower for the random ﬁeld. In contrast to the two dimensional case, the values for χ(t) are positive for

Fig. 9. Gaussian random ﬁeld of Fig. 6 binarized according to different thresholds t =
140, 150, 160 (from left to right)
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Fig. 10. 3D porosity image of a Loess soil (left, natural height 110 mm, resolution 0.44 mm) and
Gaussian random ﬁeld (right) with equivalent grey level distribution and correlation length. Grey
levels below 40 indicating high porosities are marked by isosurfaces.

high values of t because the number of completely enclosed cavities are counted with a
positive sign according to (1).

5 Numerical Simulations
To demonstrate the signiﬁcance of the topological characteristics water ﬂow was simulated in 2-dimensional random permeability ﬁelds. The aim was to generate different
structures having the same auto-covariance function but different topology.
We start with a Gaussian random ﬁeld f0 with correlation length λ0 and variance
σ0 . As already discussed in the previous section, the extreme values of f0 are located
on islands which are not connected. In contrast, the values around the expectation of
f0 are located on connected bands. Thus, the values of f0 were resorted in a way that
the extreme values are located on these connected bands. This was achieved for each
location x by
f1 (x) = |2f0 (x) − f0,max |
(12)
where f0,max is the maximum value of f0 . Obviously, the histogram of the resulting
random ﬁeld f1 is affected by this transformation except the values of f0 are equally distributed in [f0,mim , f0,max ]. For this reason the distribution function of f0 was tranformed
to an equal distribution using (11) prior to the application of (12).
Moreover, also the spatial correlation is affected by (12). In the original random
ﬁeld f0 the spatial distance between minimum and maximum values is considerably
larger as compared to f1 . Consequently, to arrive at two random ﬁelds with comparable
auto-covariance but different topology, we generated another Gaussian random ﬁeld f2
having the same covariance as f1 .
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Fig. 11. 3D connectivity function χ(t) for the 3D X-ray image of soil (line) and the Gaussian
random ﬁeld (dashed line). The Euler characteristics are plotted relative to the maximum value to
allow a better comparison of the two curves. The images are shown in Fig. 10

Fig. 12. Gaussian random ﬁeld f0 (left) after redistribution according to (12), f1 (middle) and the
Gaussian random ﬁeld f2 with the same auto-covariance function as f1 but different topology.

In Fig. 12 the original random ﬁeld f0 , the result after redistribution, f1 , and the
random ﬁeld f2 which was adapted to the auto-covariance of f1 are shown. The corresponding covariance and connectivity functions are shown in Fig. 13. The topological
difference between f1 and f2 is clearly reﬂected by the connectivity function. Increasing
the threshold t for the random ﬁeld f1 leads to an early drop of the Euler characteristic to
slightly negative values indicating the number of loops within the connected dark band
through the structure. In contrast, χ(t) for the Gaussian random ﬁelds f0 and f2 reﬂects
the isolated clusters of the extreme values.
The next step was to investigate the effect of the topological characteristics on effective properties of the heterogeneous ﬁelds. Therefore, the grey values of the random
ﬁelds were considered to represent the logarithms of the permeability, log(K). Based
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Fig. 13. Covariance and connectivity function for the random ﬁelds f0 (line), f1 (dashed line),
and f2 (dotted line). The connectivity functions are normalized by the maximum value of χ(t)
for better comparison.

on the resulting structure of permeabilities the velocity ﬁeld was calculated according
to Darcy’s law
u = K · ∇p
(13)
together with the mass balance
∇·u=0

(14)

which was numerically solved using a ﬁnite element scheme. Thereby a pressure gradient
from the left to the right edge was simulated with no-ﬂux boundaries at top and bottom.
The resulting velocity ﬁelds are presented in Fig. 14. As expected, the velocity ﬁeld
of f1 is dominated by the continuous band of high permeability. Also for f2 water ﬂow
is concentrated to one single path along which the distances between regions of high
permeability are minimal. The effective permeability Keﬀ of f1 was by a factor of 71.5
higher compared to Keﬀ of f2 . This clearly shows that topology may be critical for
effective properties of heterogeneous ﬁelds.

6 Conclusions
Topological characteristics of porous media proved to be signiﬁcant for hydraulic properties and transport both at the pore scale and at a larger scale described by a continuous
ﬁeld of effective material properties. At the pore scale, the proposed connectivity function based on the Euler characteristic together with the pore size distribution allowed a
reasonable good prediction of the effective hydraulic properties of a Loess soil.
At the continuum scale, numerical simulations of effective permeabilities for heterogeneous permeability ﬁelds evidence the effect of topology also at this scale. Hence,
to predict effective properties of porous media in terms of ﬂow and transport, the autocovariance function which is typically used to characterize the spatial heterogeneity is
not sufﬁcient. Modeling and quantifying spatial heterogeneity should be supplemented
by a topological description. The Euler characteristic as a function of a threshold value
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Fig. 14. Field of permeabilities (grey level) and velocity (elevation) together with iso pressure
lines for stationary convective ﬂow through the random ﬁelds f1 (left) and f2 (right). The effective
permeability Keﬀ of f1 is by a factor of 71.5 larger compared to Keﬀ of f2 .

provides a useful connectivity function which quantiﬁes the topological characteristics
of continuous ﬁelds.
It is a challenge for future research to generate random ﬁelds of predeﬁned autocovariance and predeﬁned topology and to systematically investigate the relation of
topology and effective properties.
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